Migdal's approach to the spectrum of QCD is generalized to three-point (hadron) amplitudes. This procedure is shown to be unique once the two-point functions are known. In particular, meson form factors and structure functions are discussed including hard gluon and Regge contributions. Quark mass effects turn out to be very important.
where the gauge-invariant local operators Oi(x ) are those appearing, for example, in the operator product expansion of QCD [compare eqs. (7), (8) ]. Asymptotic freedom allows one to calculate p!2)(p) in the deep Euclidean region via perturbation theory. These expressions show quark and gluon cuts. In the case of confinement these cuts should not appear in the final result. Imposing a 1/N c expansion [2] one expects real poles in the leading order in 1IN c corresponding to stable hadrons. Therefore a new set of meromorphic two-point functions ~(.2)(p)
is constructed which gives an optimized approximation to the original p~2) in the deep Euclidean region. T~is is achieved via Pad~ approximation. For massless quarks and up to order g4 conformal invariance can be used to find an explicit solution for p~.2). In this approximation it is diagonal in the rank of the operators (included in the indices i,/'). Hence particle poles correspond to operators with definite rank. The (spin s) partial wave contribution to r~!.2)(p 2) is found [1 ] to be "~s 2 s 2 1 1 (" dt ai(t )fii(t ) fii(P ) = fli(P ) j (2) Qi(p2) 27ri t' -p2 ' * Present address: Institut f'flr Theoretische Physik der Universit~t Heidelberg. ,t Lattice gauge theory is also of that type, the limit being lattice constant a ~ 0.
where ftS(p 2) is the perturbation theory result containing the quark-gluon cuts. Qi(p 2) is given by
with v i = n i + r i + g2~i(ni) , where ni, ri, g2~i are rank, twist, and anomalous dimension (to order g2) of Oi(x ).
Ju is the Bessel function ,2 The cut off/~.(p 2) is cancelled by the second term on the r.h.s, of eq. (2) . Only the poles due to the zeros of Qi(p 2) remain. For p2 < 0 the quantity l/Qi(p2 ) decreases exponentially. ~S(p2) approachesf/S(p2) very rapidly there. R, the only dimensional parameter, is related to the subtraction point p2 = _~u2 where the Pad6 expansion is performed. Equation (2) the degree of numerator and denominator, respectively). Taking R ~ ~ in eq. (2) the set of poles condenses to the original cut. However, in Migdal's approach [ 1 ] R is kept fixed in finite order of perturbation theory. Like g2 it is fitted to the spectrum and a valuer = 2.5 GeV -1 is obtained [1] in eq. (3). In higher orders ing 2 the matrix ~ (2) is no longer diagonal and eq. (2) becomes a matrix equation. The renormalization program can still be carried through [ 1 ] in terms of R and the corresponding coupling g2. Including higher order terms in fi~(p2) a fit to R is expected to yield larger and larger values, and finally R 2 -+ ~. This justifies the above remark about R as an inverse bag pressure.
In the following, the approach of ref. [ 1 ] is generalized to three-point functions
In particular, we discuss the "hadronization" of form factors and deep inelastic structure functions.
After a tensor decomposition in momentum space, the scalar structure coefficients Filk(Pl,2 p2,2 p3)2 corresponding to eq. (4) can be calculated in perturbation theory. Again, these quantities have quark-antiquark cuts in the external mass variables p/2, and we look for a meromorphic approximation Filk(p 2 , p2, p2) which fits the original perturbation theory result in the deep Euclidean region. For consistency, the spectrum has to be the same as that of the two-point functions. There is a unique solution to this problem with a structure analogous to eq. (2). 2 2 2 2 2 1
The denominator functions Qi(t) are no longer determined by an optimization but are those [eq. (3)] found in connection with the two-point functions.
The electromagnetic form factors and deep inelastic structure functions of a hadron h are determined by the matrix elements A a,n (n' n~='h "0 a'n unlh, p) - where in leading order the singlet and octet fermion operators
In the geometrical approach of Preparata [3] a structure similar to Migdal's zeroth order result is found. and the gluon operators O~t; .n.. *an = S Tr F~1C-/)~2 ... Q)P'n-, Fatan (8) contribute. The meson form factor is directly given by eqs. (6) and (7), with n = 1, b = 3, whereas the structure functions are determined via their moments
0 a
The coefficient functions ca,n(q 2) can be calculated by renormalization group methods [e.g. 4]. The q2-independent constants Mn a defined as
are usually not accessible, but can be calculated in our approach.
The matrix elements (6) which contain all the desired information can be extracted from the three-point functions ~(.3) [compare eq. (5)] as the residues of the corresponding ha&on poles. In order to illuminate the main features of the procedure we shall concentrate on the technically simplest case, that of scalar mesons. Detailed calculations and the extension to other mesons and especially baryons will be given elsewhere.
where q = p' -p, and M 2 is the first zero of Qi(D corresponding to the mass of the scalar meson.
We start with the zeroth order contribution ( fig. 1 a) . The calculation is most conveniently done in light-cone coordinates in a frame with q_ = 0, i.e. q2 = _q2. The graph in fig. 1 a has no triple spectral function. After meromorphization in the two hadron-channels, we find Na Jle dxxn-1 jde2k± k2-~-(1-x)2q2 +m2(1-x)(1-3x)
Aa,n{ui=_}~t.,,w=(2 -~ )nr-~3
( form factor taken from Gourdin [8] .
After the k± loop integration and meromorphization in the hadron masses [cf. eq. (5)] the quark lines emerging from the bound states are on mass shell and give rise to quark constituent cuts in sidewise dispersion relations in a covariant frame work. Equation (12) makes the physical meaning of Qi(p 2) (whose zeros determine the hadron spectrum) more transparent. It just plays the role of Weinberg's infinite momentum frame vertex function [e.g. 5 and references thereinl. The zeros of Qi cancel the quark poles. This can also be explicitly seen in two-dimensional QCD [6] .
Unfortunately, Qi(p 2) is explicitly known only for massless quarks and low-order perturbation theory. The introduction of quark masses, however, changes the behaviour of, for example, the structure function in a qualitative way. In order to demonstrate this, let us neglect the q2 dependence of the structure function for a while we obtain Some quark mass dependence also remains away from x = 1, as shown in the numerical calculation of fig. 2 [again eq. (3) has been used for Qi(p2)]. However, quite large quark masses of the order of a few hundred MeV are necessary to obtain a significant deviation from a flat quark distribution. Similar quark mass effects are seen also in the meson form factor. From eq. (12) we obtain ,3 In the case of baryons it behaves like (1 -x). This corresponds to a naive quark-parton picture with constant independent probabilities.
in the massless case and
for massive quarks +4. The behaviour in the lower q2 regime is shown in fig. 3 . For comparison the available data on the pion form factor are given. With R = 2.5 GeV -1 taken from the discussion of the hadron spectrum [1] , and a quark mass of 300 MeV we obtain an almost perfect agreement ,s F(q 2) is very sensitive to the value of R as shown in fig. 3b . Hence it is indeed related to the spatial extension of the hadron, and a space-time interpretation of Migdal's approach in the sense of a bag model is possible.
The zeroth order results discussed so far are not very realistic for the following reason. In this approximation a hadron consists of the valence quarks only, which carry the whole momentum. Qualitatively new effects appear in next order [O(g 2) gluon corrections]. The graphs in fig. lb provide a triple spectral function giving rise [via eq. (5)] to a vector-dominance contribution to the form factor and also to a Regge (including Pomeron) contribution to the structure function. The corresponding behaviour of the structure function near x = 0 is x 1-c~(°), apart from renormalization group effects. The Pomeron contribution represents the usual quark-gluon sea term. There is no special problem with the Pomeron (apart from the numerical value of the intercept) in this approach. It is found as the quark-gluon singlet mixing term in the spectrum [ 1] , and appears in the current channel of the threepoint function through a mixing of fig. lb 2 . ld) to the structure function. These are the lowest order contributions whose behaviour at large q2 and x -+ l, respectively, is not sensitive to the behaviour of Qi(p 2) at large argument, and which give rise to dimensional counting [7] . From these graphs we obtain
at large x and
for large q2 ~6. Whether these terms are really dominant at large q2 (or x ~ 1) depends on the details of the damping effect of Qi(t) which determines the other contributions. Absolute and relative normalizations are fixed in the approach studied here. Numerical work is in progress on these Regge and hard gluon contributions.
In conclusion, we have shown that there is a unique parameter-free solution to the three-point functions in Migdal's approach, once the two-point function (i.e. the spectrum) is known. Practical problems arise since the wave function Qi(p 2) is explicitly known only in the case of zero quark mass. A preliminary phenomenological analysis of meson form factor and structure function, however, leads to a quark mass of a few hundred MeV, i.e. a typical constituent quark mass.
The extension to n-point amplitudes (n ~> ~) is obvious, in principle, although more complicated in practice because a complete set of operators has to represent intermediate states.
The over-all physical picture emerging from this approach is quite appealing and shows that Migdal's starting point is sensible. Already a few low-order contributions give the whole range of expected physical phenomena.
One of us (M.G.S.) would like to thank A.A. Migdal for very illuminating and helpful discussions.
+4 Because of the complicated overlap of oscillations in eq. (12) we give only an upper limit. ,s This result should not be overestimated since only the zeroth order contribution is included. ,6 It is interesting to note that the coefficient in eq. (18) is proportional to the squared quark mass due to a cancellation in the traces.
